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Section 1

Vectors in Three Dimensions

28.1
28.2

28.3
28.6

‘{s Learning Goal(s)

= Knowledge £ Skills @ Understanding
What are vectors in three Algebraic  operations  with Able to interpret operations
dimensions three-dimensional vectors involving three-dimensional

vectors geometrically

& By the end of this section am | able to:

Understand and use a variety of notations and representations for vectors in three dimensions

Perform addition and subtraction of three-dimensional vectors and multiplication of three
dimensional vectors by a scalar algebraically and geometrically, and interpret these operations in
geometric terms

Define, calculate and use the magnitude of a vector in three dimensions

Use Cartesian coordinates in two and three-dimensional space



6 VECTORS IN THREE DIMENSIONS — CARTESIAN COORDINATES IN THREE DIMENSIONS

1.1 Cartesian Coordinates in Three Dimensions
(¢ Fill in the spaces

e The third axis, called the , is required for drawing graphs in
three dimensions.

. The e s e e s e e e e e e e iS --------------------------------------- to bOth the x aXiS
and y axis.
e The three axes in three dimensions are axes.

0 Important note
The direction of the needs to be determined correctly!

A

=A

s
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VECTORS IN THREE DIMENSIONS — CARTESIAN COORDINATES IN THREE DIMENSIONS

& Definition 1

Cartesian coordinates in two dimensions

e The two axes divide the plane into

Cartesian coordinates in three dimensions

e The xy-plane is the plane containing and

0 Important note

e Later at university, 2D space will often be denoted R? (pronounced “R. two”),
3D space will be denoted R? (pronounced “R three”).

e Some references to R? and R? will be used throughout this summary.

e Scalars continue to be part of real numbers, e.g. A € R. Vectors belonging to a
particular space will be denoted

ueR? or veR?

as appropriate.

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH VECTORS



8 VECTORS IN THREE DIMENSIONS — VECTOR ALGEBRA IN R3

1.2 Vector algebra in R?

1.2.1 Algebraic representation and operations with vectors

&) Definition 2

Basis vectors in 3D the i, j and k are aligned with
the x, y and z axis respectively.
1 0 0
le.i=10,j=|1],andk= [0
0 0 1
&) Definition 3
A vector in three dimensions can be expressed in a variety of forms:
[ ]
OA where A(a,b,c)
. --------------------------------- form
OA=r=ai+bj+ck
. ----------------------------------------- nOtation:
—_— a
OA=r=|b
c
| 2D | 3D |
(1) == ()
u= , V=
~ (%) ~ V9
Uy = 1
Up = v
Equality gzy@{ ! ! U=V Uy = Vg
Ug = V9
U3 = U3
0
Zero vector 0= 0
Negative —u = ( 1) —u= | —us
o e (75} + U1
Vector addition u+v=
- = U9 + V2
SR . /{;ul
Scalar multiplication ku =
-~ /{ZUQ

FURTHER WORK WITH VECTORS NORMANHURST BOYS’ HIGH SCHOOL



VECTORS IN THREE DIMENSIONS — VECTOR ALGEBRA IN R 9

‘{s Example 1

Find 2u —v whenu=i+4j—3kand v =2i—j+k.

1.2.2 ® Properties of vectors in space
o Important note

| The following properties are true for vectors in 2D!

&, Laws/Results

Suppose that A\, u € R and u,v and w are vectors in 3D space.
eut+yv=yv+u o Atpwv= ..
eut(vt+w) =(@u+y) +w e Mu+v)=
o M) = Ay o [Xuf= ..

Steps

The above properties can be easily proven with simple algebra. For example, prove
Alu+yv) =du+ Ay

for u,v € R® and X\ € R:

Uy (%1
1. Letu=|wus]|,v=|wv2],and A be a scalar.
Uus U3

2.  Fully expand out into column vector notation:

Auty) =

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH VECTORS



......... ..... 1..23.... Parallel VBCtOI'S"""""é ........ ......... ......... ......... ......... ........ ......... ........ ......... ......... ..........
| | ' EDeflmtlon4 ' ' : ' : : : : ; : ; : . . :

| : Suppose that u and v € R3. : . .
e e e Two vectors u and v are parallel if v = Au for some - e e prees
number A. : : '

e They have the same direction if A > 0.

e They are anti-parallel if A\ < 0.

""""" """" (a)  Draw the rectangular block with faces parallel to the three coordinate planes == =
' : such that (0,0,0) and (3, —2,4) are opposite vertices.

f : 3 : : :
L Y (b) Hence find the magnitude of the vector u= -9 L FERNE .
| : 4 : : :
........ ....... () Find the unit vector having the same direction as w. o
SRR . x e dedes
| (d)  Find the magnitude of u = | y | and the unit vector having the same direction
SURTI S z U T L
n w5 .
......... ...... (e) 1Pl e disemes betweenA:(al,ag,ag) &IldB:(bl,bQ,bg). 444444444 ......... ..........




T

The magnitude or length of the vector u= [ y | is

Q Deflmtlon 6

......... .......... .......... . If A — (‘/E17y17zl) and B — (x2’y2’22) are tWO points in 3D Space7 then the ........ ..........
| : : | magnitude of AB is :

......... .......... .......... . (IHWJJ lzmj EX 5D) Flnd the Shortest dlstance from Q( , , — ) 0: e ..........

......... .......... .......... | (a)  the y-axis. (b)  the origin. (¢)  the y-z plane. .. ..........

........ ......... .‘Example4 ......... s R e R i e e o e ..........
......... , ......... [EX 5A] (Sad er 85 S)S/ard lz_o_l_g Show that the p()lnts P(l 0 O) Q( 3 ]_, 1) and - ..........
5 : ; | R(—2,3,4) lie on a sphere with centre C(—1,1,2). :

o S




......... ......... . }s"E&amﬁle'ﬁ“? .......... S S S S S S S i ......... ......... ..........

o S




VECTORS IN THREE DIMENSIONS — VECTOR ALGEBRA IN R®

O Bl

Calculate the angle that a = OA makes with the x-axis, where A = (2,3,4). Give
your answer correct to the nearest degree.

5 }s Exainple 8

[2021 Ext 2 HSC Q1] For cubes are placed in a line as shown on the diagram.

T S R 0 P
K~ L~ M~ N~ O

A B C D E

AQ (B) CP (C) PB (D) RA

:3= Further exercises

..................................

Ex 5A (Sadler & Ward, 2019) Ex 5A-5E (Haese et all, 2017)

e Q1-13

Ex 5B




]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
| : What is dot product of How to calculate dot product of Able to interpret dot product
SRR e three-dimensional vectors three-dimensional vectors of three-dimensional vectors

algebraically and geometrically

......... ...... (4 By the end of this section am | able to: ......... ......... ..........
' : 28.4  Define and use the scalar (dot) product of two vectors in three dimensions : : :

......... ..... 2]_ 44444 Algebra“: representa“on ........ ......... .......... .......... ......... ........ .......... .......... ........ ......... ......... ..........

: N N Q Def|n|t|0n 7 B N N N B N N N B N N N N B

................ B “ . o

................. Suppose that u = OU = | uy | and v =0V = | v |. Then,
us V3

Q Deflmtlon 8

........ ,,,,,,, The angle 0 between two vectors u and v can be found using ........ ......... ..........
u-v

................. COSQ _ ~
|| [v|




......................................... Steps
Proof
"""""""""""""""" 1. Draw situation representing the angle 6 between two vectors u and v, and vector
vV — U

2. Let }g‘ = a, |y| = b and |y — g| =c. Find a,b and c.

3.  Apply the cosine rule to the triangle:

&, Laws/Results

2
o u-u=u

e oo AR . T, ...

eu-(\v)=Au-v) ..........

eu-(v+tw)=u-v+tu-w

e [f both u and v are non-zero vectors, then




......... ....... a=|1]andb= 9 ......... ......... ..........

......... ...... “sEXampleIO ......... SN SO OO SO SO il ......... ......... ..........
| : [Ex 5C] ([S_adljr_&JMaﬂ, 2!!19) The points A, B and C' have position vectors a, b 5 : :

and c respectively relative to the origin O.

......... ....... IfA_B)J_O—C’)andB_C)J_(Tél), PG thatA—C)J_O_B). ......... ......... ..........

| : : #Eéxampgle 11 : : I g
......... , ...... [EX 5C] (:; || !; !!7 | Ile-g TWO VeCtOI‘S a and b are Such that a + b 1S ......... , ......... ..........

perpendicular to a and |]g‘ = |@| \/_ . Show that 2a + b is perpendicular to b.

o S




... TueDor PRODUCT — APPLICATIONS _ . SRRV NN NN ST VOO RO UL N I AT

......... .......... 24Appllcat|ons ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

o & Examplel2 e
Find the angle at the origin subtended by AB for the points A = (1,1,2) and
S s S | B=(-2,3,—1). Round the answer to the nearest degree. =~ S

o S




18 : : : : : : : : : : : THE DOT PRODUCT — APPLICATIONS.

241 (R) Projections i 8D
T L A I T

| The formula is the same as for two dimensions!

,,,,,,,,,,,,,,,,, & Definition 9

| : Projections in 3D: Let a = OA and b= OB in three dimensions. The projection : : :
e e of a vector a on another vector b is a vector parallel to b. BN e P

In the diagram given,

Assumption: b is a

1. OP=2\ b, where )\ is a non-zero scalar.

444444444 ....... 2. Use dot product on OB and PA ......... ......... ..........




o }s'Exampien ......... 0 O O T N 0 S

Find the projection of OA on to OB for A = (4,2,—-3) and B = (—1,1,1).

ﬁ Exazmple 514

Find the perpendicular distance from P = (2, 1,0) to the line through A = (—1,0,2)
and B(1, 1,3).

......... .......... .......... ........... F urther exerc|ses.4.......i ......... e SRR S OO N e R SO SN o e ..........

Ex 5C (Sadler & Ward, 2019) Ex 5F dﬂa@wumlj

e Q1-8

Ex 5G.1, 5G.2

e Q1-19 e All questions




]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
How to prove geometrical results Construct proofs logically and How  proofs  work  with
coherently three-dimensional vectors

® By the end of this section am | able to:
28.5  Prove geometric results in the plane and construct proofs in three dimensions

(Sadler & Ward, 2019) Point C' is outside a circle with centre O. - _The points of

contact of the two tangents from C' to the circle are A and B. Let OA = a, OB = b
and OC = c. Prove the following.

A C

q

O

Y

(a)  Tangents C'A and C'B subtend equal angles at the centre O.
(b) CA=CB



a
vector | b

c
respectively.

X

[2020 Ext 2 HSC Sample Q15]

i-direction

k-direction

cos® a + cos® B+ cos®y = 1

s Jj-direction

By taking a dot product with the three unit vectors i, j and k, prove that

(4 marks) The point A has (non-zero) position

and the vector OA makes angles «, [, 7 with the z, y and 2 axes

o S




22 s s s s s s s s s - (R) VECTOR PROOFS IN GEOMETRY —

T gl

[2020 NBHS Mathematics Ext 2 Assessment Task 3 Q3]

(a)  In the following diagram, let OP = p and 6_@ =q.

1. Reproduce the diagram on to your writing booklet. In addition, 1
................. draw the vector -
OR=p+q

ii. State the conditions on ‘p’ and ’g‘ such that OR bisects /ZPOQ, 2

giving brief reason(s).

S _— 9
(b)  The following figure shows OF = u=| 5 | and OF = v =
PR b -7

N —
= Ot

(@)

e B e

3v
- F
| : 1. (G is a point such that OG bisects ZEOF and EG = Av, where 2 : : :
R b A € R. Find the vector OG in column vector notation. e, b, S
ii.  State the name of the shape formed by OEGF, and a brief reason 2 :
BN - for why OEGF forms this shape. SR AR T

iii.  Show that the area A of, OEGF is 3

A =2v5123

Hint: Consider proj, u.
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24 : : : : : : : : : : . (R) VECTOR PROOFS IN GEOMETRY —:

......... .......... e ’ls“Eg)'(amp;le“l'S; .......... VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
| : [2021 Ext 2 HSC Q12] The diagram shows the pyramid ABCDS where ABCD : :
is a square. The diagonals of the square bisect each other at H.

s 0

i -
. _o
’ -
5 _ee
! L -~

i.  Show that HA+ HB+ HC + HD = Q. 1

......... ..... Let G be the point such that GA + GB + GC + GD + GS = 0. ------ """"" """""
| ' ii.  Using (i), or otherwise, show that AGH + GS = 0. 2 : |

1i. Find the value of )\ such that H—é = )\ITS) . 1

o S




......................................... gExample L R R L L L L Lt LS SELLE EERL R R SEETE SLLE SRLL PR
BEE T T : . . CB m s
e freee P -] [2020 Ext 2 HSC Q15] The point C divides the interval AB so that a0 - B
E : : : n :

The position vectors of A and B are a and b respectively, as shown in the diagram.

C B

@)
.............................. ' . "
i.  Show that AC' = (b —a). 2
................................ m+n ~
| : : : 1. Prove that O_C: = mn a—+ r b. 1 :
IRV P ERR m+n— m-+n— L

Let OPQR be a parallelogram with OP = p and OR = r. The point S is
the midpoint of QR and T is the intersection of PR and OS, as shown in the
diagram. o

O
> 2 1
444444444 .......... 4444444444 . 111. ShOW that OT — §£+ gE‘ 3 ........ ..........
......... .......... .......... | iv.  Using parts (ii) and (iii), or otherwise, prove that T is the point that 1 ..........

divides the interval PR in the ration 2:1.




o S

Ex 5E (Is_ad]ﬂL&ﬂaId 2019) Ex 5H (Haese et al., 2017)




“‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
What is vector equation Find vector equation and The use of vector equation :
......... u ......... e , determine When two lines ....... ..........
' : : : are parallel, perpendicular or :
skewed

@ By the end of this section am | able to:
28.9  Understand and use the vector equation r = a+ Ab of a straight line through points A and B where :
R is a point on AB, a = OA b= OB A is a parameter and r = or. """""

28.10 Make connections in two dimensions between the equation r = a+ Ab and y = ma + c.

28.11 Determine a vector equation of a straight line or straight-line segment, given the position of two
points or equivalent information, in two and three dimensions

""""" """"" """"" ‘N 28.12 Determine when two lines in vector form are parallel

28.13 Determine when intersecting lines are perpendicular in a plane or three dimensions

28.14 Determine when a given point lies on a given line in vector form




......... ..... 41 llll Inftrodﬁucticﬁm ...... ........ ........ ......... ......... .......... ......... ........ ......... e o
y @Fillinthespaces - - - - -
on a real number line. : : §

e 1-Dimension: z =01is a

""""" """" e 2-Dimension: z =0 is a on a 2D z-y plane.

|« 3-Dimension s =0isa .
| ' coordinate axes.

................. @ !mportant note
In three dimensions, : ?

................. e A linear equation with z,y,z with non-zero coefficients represents a ... ... .

""""""""" e Cartesian form of a line is essentially a system of two linear equations (Two
.................................. planes always forma ). :

.................... v L e o o S O SOt -t SO0 O ORI e SOt

"""""""""""" e In both 2-dimensional and 3-dimensional geometry, the equation of a line
can be determined using its L and any S

................................ on the line.
| : e On a 2D x-y coordinate plane, thereisonly line through a fixed : : :

. 444444444 ....... pOiIlt With a CeI’tain gradient. ..................................

................. e In 3D space, is there also only one line through a fixed point with a certain ... .
gradient?

.................. E.g. Is there only one line through the origin with gradient 17 .

444444444 .......... o o Imbortaht e

""""""""""""" A line in 3D can be specified by a on the line and a vector ..o
..................... to it.
............... o e B B e oo mor v e oros won e RO NS SR S8 S0 0N



....... .......... ....... 4 e Lmes |n"2"D|menS|ons

JS TR S S 4..241 ..... Lmesthroughtheorlgln‘““; .......... 0TS N O UK O K S 0 O 0 N 0
' b . Q Deflnltlon 10 : . : : : B . : : : -

: : : | Let O be the origin and let B be another point with position vector b. Let R be a :
......... ......... variable point in OB with position vector .o ..........

S s .
Since OB || OR, the equation of the line through the origin and another point B :
B e P ' with position vector b has vector equation

......... ......... r=2MAb, whereAeR ..........

, ' o Important note '
e SR SR : e The position vector of every point in OB is obtained as \ varies.

e \isa . e

""""" """"" (a)  Find the vector equation of the line through the origin and the point B(2, 3).

......... .......... 4444444444 | (b)  Write the components of the vector equation found in (a). ..........
' : : : (i.e. Write the parametric equations of the line). :

......... .......... 4444444444 . (C) Find the Cartesian equation




30 : : : : : : : ‘THE VECTOR: EQUATION OF A LINE — LINES'IN 2 DIMENSIONS

T gl QT

Determine the Cartesian equation of the line

--------- ~~~~~~ The position vector of a body at time ¢ is given by --------- --------- ----------

) =1 —-t)i+t*j, t>0

________ ...... (a)  Find the Cartesian equation of the path of the body and state the domain
| | (b)  Sketch the path of the body.

o S




""""" """"" """""" 4 2. 2 The dlrectlon vector and the gradlent
| : : : &‘ Laws/Results : :

e The vector equation of the line is
the parameter.

................................ The parametric forms of the line are:
............................... Equivalently, in vector form,

Consider a line that goes through (xg, ) with gradient m.

Consider a vector r that is parallel to a line with gradient m in 2 dimensions.

of the line.

, where A € R is :




32 : : : : : : ‘THE VECTOR: EQUATION OF A LINE — LINES'IN 2 DIMENSIONS

g Dfinition T

In general, the vector equation of the line through a point with position vector
a with direction b is

where \ € R.

. T= Example 24

| ' Let ¢ be the line y = —3x 4 4 in the Cartesian plane.
SR, b (a)  Find a vector equation of /.

(b)  Find another vector equation representing /.

(¢)  Represent the line ¢ in parametric form in two different ways.

o S




444444444 .......... 4444444444 4 '.'3‘“E'Li'nés‘in'§'3"Dfm'erfsion§ 44444444 ......... .......... ......... ......... .......... ......... 444444444 ......... ..........

e ....M;E/.Deﬁmtmm.....g ......... 0 T O O O O 0

_______ ________ ““““““ ' e In 3D, the vector equation of the line through A(ai,as,as) with position
i . . . bl
vector a and parallel to b = | by | is

e, e

where A€ R. e ..........

SN »»»»»»»»» e Equivalently, its parametric equations are

......... ......... x:a1+)\61
5 : : : y = as + by :
o= 1z =F )\bg ........ ..........

5 0 Important note

Lo

A point with position vector rp = | yo | lies on the line with vector equation
20

r=a+ Ab if and only if there exists a real value A such that rg = ag + Ab.

r 444444444 e ~. Example26 ......... 444444444 .......... .......... ......... ......... .......... .......... ......... 444444444 ......... ..........
......... .......... .......... -} Find the vector equation of the line through A vparallel with OB, where A = :

: : | (=2,-1,3) and B = (1,0,1). Then determine whether or not C' = (0,—1,4) is
e, SR . | on this line.




‘THE VECTOR: EQUATION OF A LINE — LINES'IN 3 DIMENSIONS

T gl R

Consider the points A(-1,-2,3) and B(-2,1,0).
(a)  Evaluate AB.

(b)  Hence determine the vector equation of AB.

. T Example 28 GGG

n=\|0]+A|-1 =2 | +p|-1

(a)  Find the point where the following lines intersect.

(b)  Hence show that the two lines form a right angle at the point of intersection.

o S




THE VECTOR:EQUATION OF A LINE — LINES IN 3 DIMENSIONS: : : : : : : - 35

What is the vector equation of the line perpendicular to 2z — 3y +4 = 0 which passes

................................ through the point (—5. 6)?

| : : J Letu=|-3] and v =
......... .......... 9
| : : 5 a)  Find the projection of u onto v.

(b)  Hence find the shortest distance of the point (2, —1 — 1) from the line

N — DN

......... .......... 1 o\ ..........
| : : : r=|2|+x[1 :

......... .......... .......... . Where A 6 R ........ ..........




......... ..... 44 44444 Skew Ilnes
' : (¢ Fill in the spaces
e In 2D, two non-parallel lines always .

""""" """" e Does this hold true in 3D? .
o g Definition 13 b b
R D In 3D, the non-parallel lines that do not intersect are called ~ lines. N """"" """"""

B Bampledt
The lines ¢, {5 and (3 are given by

......... ....... 3 _1 2
| : 2|+ 2 by:ro= |3 +pul|—4
| s

ellh:

| : where A € R
- P (a)  Prove that ¢; and ¢, are parallel.

--------- »»»»»»» (b)  Prove that ¢, and {3 are skew.

o S




ix‘:x ..................................................................................................................

5 f E f i — : : : : : : : : : : o
......... ......... Ex 5F (lsad]e]: g: Eﬁzard,lzﬂ]_g) Ex 6B, GC, 6F, 6G.2 m, ........ ..........




]‘ Learnmg Goal(s) ? ? ? : : : :

o o = £ Skills Q Understanding

i= Knowledge
Vector equations of circles and Find vector equations of circles The use of parameters in vector
equations of circles and spheres

......... ...... spheres and spheres

; : ® By the end of this section am | able to:

SEERIRRR FRRRpS 28.7  Recognise and find the equations of spheres

28.8  Use vector equations of curves in two or three dimensions involving a parameter, and determine a
corresponding Cartesian equation in the two-dimensional case, where possible

5. 1 Equatlons of c1rcles in two dlmensmns

......... .......... e Q'D‘éflh'l't'lb'h”l'll ............ TR S S SIS ......... ......... .......... ......... ......... ......... ..........

i _______ """ The point V' with position vector v lies on the circle with radius r and centre the _______ """""""
origin if : : 5

=

Determine the point on the circle with centre the origin and radius 2 which is closest = R S
to the line 2z + 4y — 15 = 0, using vectors. 5 : :



......... .......... ........... Q Defmltlon‘“];S"-----; ......... e e, ST SRR SR s i, e e, ..........
: ________ - - : | Translate the circle | v | = r so that the centre is at C' with position vectorc. -
Then,

.................................. lv—¢|=r

where v is the position vector of a variable point on the circle with centre ¢ and

o edis e, T T R o
~Example33 .........................................................................................................................................
""""" - o : | The line v = (? + A (%) intersects the circle with centre ¢ = (_12) and radius 3 .
--------- ---------- ---------- 1 at P and (). The midpoint of chord PQ is M. Find the coordinates of M. ----------

o S




VECTOR EQUATIONS OF CIRCLES AND SPHERES — EQUATIONS OF SPHERES IN 3 DIMENSIONS

40
5.2 Equations of spheres in 3 dimensions
5.2.1 Vector equation of a sphere

&) Definition 16

e A sphere is defined as the set of points in three-dimensional space
from a in space.

e The form of the vector equation of a sphere is identical to that of a
in two dimensions.

e Let v be the of a variable point on the

sphere with centre ¢ and radius . Then,
v —¢f =7

where each vector has components.

NORMANHURST BOYS’ HIGH SCHOOL
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""""" """"" """""" 5 2. 2 Cartesmn equatlon of a sphere

Q Deflmtlon 17

e The Cartesian equation of a sphere with centre at the and

radius r is

?+yP 4=

e The Cartesian equation of a sphere with centre C'(h, k,[) and radius r is

§Stepé

1. Let any point on the surface of the sphere with centre at the origin be V =
(x,y, 2).

Find the Cartesian equation of the sphere with centre ¢ = —i — j — k which passes
through a =2i+ j+5k.

o S




R 73~E§~<amﬁne~35-? __________ S OO S U SO S SO SO S SO _________ s

Find the Cartesian equation of the curve with vector equation

, ' v=(1+2j)+ (cosf)i+ (sinf)j ' ' '

......... .......... g ~Example36 .......... T e e R T e . e — ........ ......... ..........

IR e Consider the vector equation v = ¢ + acosf + bsin  where SN b SN

o """ =(1) e=(2) () _________ __________

(a)  Show that this is a circle by finding its Cartesian equation.

--------- ~~~~~~~ (b)  Where on the circle is # = 0 and in which direction is the circle transversed as --------- --------- ----------
' : 0 increases? : ; :

o S




T .‘s,Examp,ey ......... ST R R O S O
5 : ; | [Ex 5G] (Sadler & Ward, 2019) A line ¢ and a sphere S have equations :

-3 7
r= |16 | + X[ —12 | and (x — 3)* + (y + 4)*> + (2 + 2)* = 81 respectively.

=0 3

......... ......... Find the points where ¢ intersects S. """""

o S




............... 4 VEorTo EQUATIONS OF CIRCLES AND SPHERES — EQUATIONS OF SPHERES IN 3 DIMENSIONS
........ .......... .... r , ~Example38 ........ ,,,,,,,, ........ ......... ,,,,,,,,, ,,,,,,,,, ,,,,,,,, ........ ........ ......... ........ .........
: : [2020 Ext 2 HSC Sample Q15] : : :

i.  Let a, b and ¢ be three 3-dimensional vectors. 1

Prove that a - (b—l—g) =a-b+a-c
Let v be the position vector of a point P on a sphere S with centre C' and radius r,
so that ‘y —g| = r, where ¢ = OC. (Do NOT prove this).

ii.  The equation of the line ¢ through P in the direction of the vector m is 2
W =V + Am.

Find the values of A\ that correspond to the intersection of the line ¢ and
the sphere S. Give your answer in terms of v, ¢ and m.

......... ....... iii. Deduce that the line ¢ is tangent to the sphere S if and only if 2 ......... ......... ..........

m-(v—c)=0

Interpret this result geometrically.

..........................................................................................................................................................................................................................




i

ii.

iii.

[2021 Ext 2 HSC Q16]

The point P(z,y, z) lies on the sphere of radius 1 centred at the origin O. 2

Using the position vector of P,ﬁ’) = zi+ yj + zk, and the triangle

inequality, or otherwise, show that |z| + |y| + |z >1. ..........

Given the vectors a= | az | and b = | b2 |, show that 3

la1by + agbe + asbs| < \/a% + a3 + a:%,\/b% + b3 + b3

ay by

a3 b3

As in part (i), the point P(z,y, z) lies on the sphere of radius 1 centred 2

at the origin O.

Using part (i), or otherwise, show that |=|+ |y| +[2| <v3. e

o S

:==.Further.exercises

Ex 5G (Sadler & Ward, 2019)

e Q1-9, 11-16, 18-19




B 6..1 “““ ..Eqﬁuaticﬁms..ci).f..cufrves;in..tWoudii.me.rf:si.onfs..w..i ......... SRS SOOR SOUR NS N OO O OO O SOOI SO
RN }‘ Le@rning GOal(S) oo
I i= Knowledge £ Skills 9 Understanding R :
SRR e Projection of three dimensional Find Cartesian equation of Visualise how the projections — .:........ S SRR
curves onto a two dimensional the projection onto a two onto the =z-y, y-z and z-z : : :
plane dimensional plane plane determine the shape

and direction of the three
dimensional curve

......... ....... 8 By the end of this section am | able to: 444444444 ......... ..........
' : 28.8  Use vector equations of curves in two or three dimensions involving a parameter, and determine a : : :
corresponding Cartesian equation in the two-dimensional case, where possible

, ' 0 Important note : : : : : : :
A S | Hint Find the Cartesian equation with the domain and range for ¢t € R.



......... .......... 62Projectionsofthreedimensionalcurves ........ ......... .......... ......... ......... ......... ..........

0,V 0 R 0 0 U0 0 0 0 W 0 W O W 0 O 00 1

Curves in three dimensions can be visualised by examining their projection onto

.................................. e

@Bﬁ@ﬁﬁbmﬁmmgulamﬂ

o S



https://www.geogebra.org/3d

T gl AT

Consider the curve with vector equation:

: : t2 : : :
........ ....... r= ] teRr ........ ......... ..........
f : 1 : : :

Sketch the projection of the curve on the:

................. ) oy plans ©) gz plane ©) oo plans

7= Example 42

......... ....... Sketch the projection of the curve on the: ......... ......... ..........

_________ ..... (a)  z-y plane (b)  y-z plane (¢) -z plane

Answer: see GeoGebra

o S



https://www.geogebra.org/3d/znjqk9db
https://www.geogebra.org/3d/raeyhycr

VECTOR EQUATIONS: OF CURVES — PROJECTIONS OF THREE DIMENSIONAL CURVES : : : : 49

O Bl 3

Consider the two curves with vector equations:

sint cost :
r=|cost| ands= | sint| ,teR oo e
t t :

For each curve, sketch the projection on the:

................................ () oy plans ©) s plane ©) oo plans

o S



https://www.geogebra.org/3d/tvhv2xfd
https://www.geogebra.org/3d/jwx9mqnu

......... .......... L ?3"E&amﬁle"4“4§ ......... e S S b e, e b, i, ......... ......... ..........
: : Consider the curve with vector equation: : : :

, : 2 : : :
......... ....... £: COSt , tER ......... ......... ..........
Z N t N N N

Sketch the projection of the curve on the:

................. ) oy plans ©) gz plane ©) oo plans

“s Eéxampsle 455

teR

-
I
&+ |= mﬁ. ~~

......... ....... Sketch the projection of the curve on the: ......... ......... ..........

_________ ..... (a)  z-y plane (b)  y-z plane (¢) -z plane

Answer: see GeoGebra

o S



https://www.geogebra.org/3d/juj8m4sd
https://www.geogebra.org/3d/rjak2qpp

VECTOR EQUATIONS: OF CURVES — PROJ

ECTION

S OF THREE DIMENSIONAL CURVES :

O Bl

[2021 Ext 2 HSC Q7]

position vector r(t)

A. AZ
15

B.

AZ
15

Which diagram best shows the curve described by the
5cos(t)i+ 5sin(t)j+tk for 0 < ¢ < 4n?

=

Ex 5G (Sadler & Ward, 2019)

e Q10, 17, 20




Section 7

Past examination questions

e Questions in this section originate from various VCE or WACE papers.

e Questions earmarked @ indicates that it is uncertain whether a question of this type
can appear in the new 2019-2020 syllabuses. It is uncertain due to one, or both of the
following:

— Level of difficulty - does it get this difficult?
— Reach into other parts of the syllabuses - does it go this far outside of the scope?

e Two additional terms which are not used in the NSW Syllabuses but have equivalents:

&) Definition 19

Vector resolute is synonymous with the the vector projection.

&) Definition 20

Scalar projection is the length of the vector projection, with a negative sign if the
projection has an opposite direction with respect to b

7.1 2006 VCE Specialist Mathematics

7.1.1 Paper 2 Section 1
16. A unit vector perpendicular to 51+ j — 2k is

(A) i<5l+,i—2l€) (C) 2—2(21—4&3@ (E) %(5&1—2@
(B) 2i—4j+3k (D) \/%—9<21—4,1+3k)

17. Let u= i+ jand v = i+ 2]+ 2k. The angle between the vectors u and v is

(A) 0° (B) 45° (C) 30° (D) 22.5° (E) 90°

52


https://www.educationstandards.nsw.edu.au/wps/portal/nesa/11-12/stage-6-learning-areas/stage-6-mathematics/mathematics-extension-2-2017

PAST EXAMINATION QUESTIONS — 2007 VCE SPECIALIST MATHEMATICS

53

7.2 2007 VCE Specialist Mathematics

7.2.1 Paper 2 Section 1

15. In the cartesian plane, a vector perpendicular to the line 3z 4+ 2y + 1 =0 is
(A) 3i+2j (C) 21-3j (E) 2i+3j

1 1 1 1
B) iy L Dy L1
(B) —5i+3i (D) 5i-3j
17. The angle between the vectors a = i —2j — 2k and b = 21 + j + 2k is best
represented by

B =3 (C) m+cos™! (—%) (E) cos™ <7r_g)

(B) — cos! (g) (D) 7 — cos—1 (g)

18. Let u = 21— j—2k and v = ai+ 2j — k. If the scalar resolute of v in the
direction of u is 1, then the value of a is
3 2 2

(4) -5 B) -2 (© 3 D)

N W

(E)

7.3 2008 VCE Specialist Mathematics

7.3.1 Paper 1

Question 8

The coordinates of three points are A(1,0,5), B(—1,2,4) and C(3,5,2).

(a)  Express the vector AB in the form rit+yj+zk

(b)  Find the coordinates of the point D such that ABCD is a parallelogram.
(¢)  Prove that ABCD is a rectangle.

7.3.2 Paper 2 Section 1
14. If the vectors a =mi+4j+3k and b = mi+m]j—4k are perpendicular, then

(A) m=0 (C) m=—-2o0orm=6 (E) m=—-lorm=1

(B) m=—6orm=2 (D) m=—-2o0orm=0

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH VECTORS



54 PAST EXAMINATION QUESTIONS — 2009 VCE SPECIALIST MATHEMATICS

7.3.3 Paper 2 Section 2

Question 3

The position vector r(¢) of the front of a toy train at time ¢ seconds on a closed

track is given by
T =sm|—= |14+ =sm| —
~ S 3/~ ) S 3 :b -

where displacement components are measured in metres.

(a)  If the front of the train is at the point P(z,y) at time ¢, show that 1
t t
y? =sin? [ = ) cos® | =
3 3

(b)  Hence, find the cartesian equation of the path of the train. 1

7.4 2009 VCE Specialist Mathematics

7.4.1 Paper 1

Question 3

Resolve the vector 51+ j + 3k into two vector components, one which is parallel
to the vector —2i — 2j + k and one which is perpendicular to it.

7.4.2 Paper 2 Section 1

16. Consider the three vectors a =2i—3j+4k,b=-3i+4j— k and
¢=131+10j + k. It follows that

(A) cand b are perpendicular to a
(B) ¢ is only perpendicular to b
(C) cis only perpendicular to a
(D) aand b are perpendicular to ¢

(E) ais only perpendicular to b

FURTHER WORK WITH VECTORS NORMANHURST BOYS’ HIGH SCHOOL



PAST EXAMINATION QUESTIONS — 2010 VCE SPECIALIST MATHEMATICS 55

7.5 2010 VCE Specialist Mathematics

7.5.1 Paper 1

Question 3

Relative to an origin O, point A has cartesian coordinates (1,2, 2) and point B has
cartesian coordinates (—1,3,4).

(a)  Find an expression for the vector AB in the form a it+bj+ck. 1
. —_—> —_—> 4

(b)  Show that the cosine of the angle between the vectors OA and AB is 9 1

(¢)  Hence, find the exact area of the triangle OAB. 3

7.5.2 Paper 2 Section 1
15. The scalar resolute of a = 31 — k in the direction of b = 21— j — 2k is

8

(A) 715

(B) i 2K (D) $Gi-k)

(C) 8 (E)

w | oo

16. The square of the magnitude of the vector d =51 — j+ 10k is

(A) 6 (B) 34 (C) 36 (D) 51.3 (E) V34
17. The angle between the vectors a =i+k and b = 1+ ] is exactly

(1) & (B) © 3 (D) 3 (E)

N
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56 PAST EXAMINATION QUESTIONS — 2011 VCE SPECIALIST MATHEMATICS

7.5.3 Paper 2 Section 2

Question 1

The diagram below shows a triangle with vertices O, A and B. Let O be the origin,
with vectors OA = a and OB = b.

A
B
b

(a)  Find the following vectors in terms of a and b.

1. m, where M is the midpoint of the line segment O A. 1

ii. BA. 1

iii. Z@, where () is the midpoint of the line segment AB. 1

(b)  Let N be the midpoint of the line segment OB. Use a vector method to 3

prove that the quadrilateral M NQA is a parallelogram.

Now consider the particular triangle OAB with OA = i+ 2:]'V+\/§lg and OB = ai
where «, which is greater than zero, is chosen so that the AOAB is isosceles, with
05| = |04,

(¢)  Show that a = 4. 1
(d) i. Find 5@ where () is the midpoint of the line segment AB. 1
ii. Use a vector method to show that O—Cj is perpendicular to AB. 3

7.6 2011 VCE Specialist Mathematics

7.6.1 Paper 1

Question 9

Consider the three vectors
a=1—j+2k b=1i+2j+mk and c=1i+j—k
where m € R.

(a)  Find the value(s) of m for which |b| = 2v/3. 2

(b)  Find the value of m such that a is perpendicular to b. 1

FURTHER WORK WITH VECTORS NORMANHURST BOYS’ HIGH SCHOOL



PAST EXAMINATION QUESTIONS — 2012 VCE SPECIALIST MATHEMATICS 57

7.6.2 Paper 2 Section 1

12. The angle between the vectors 31+ 6j — 2k and 2i — 2j + k, correct to the
nearest tenth of a degree, is

(A) 2.0° (C) 112.4° (E) 124.9°

(B) 91.0° (D) 121.3°

7.7 2012 VCE Specialist Mathematics

7.7.1 Paper 2 Section 1

15. The vectors a =2i+mj—3kand b = m2i— Jj + k are perpendicular for

2 2
(A)m:—gandmzl (C)m:§andm:—1 (E) m=3and m=—1
(B)m:—gandmzl (D)m:gandm:—l

7.8 2013 VCE Specialist Mathematics

7.8.1 Paper 1

Question 3

The coordinates of three points are A(—1,2,4), B(1,0,5) and C(3,5,2).
(a)  Find AB. 1

(b)  The points A, B and C' are the vertices of a triangle. Prove that the triangle 2
has a right angle at A.

(¢)  Find the length of the hypotenuse of the triangle. 1

7.8.2 Paper 2 Section 1
14. The distance from the origin to the point P (77 -1, 5\/5) is

(A) TV2 (B) 10 (C) 6+5v2 (D) 100 (E) 5v6

NORMANHURST BOYS’ HIGH SCHOOL FURTHER WORK WITH VECTORS



58 PAST EXAMINATION QUESTIONS — 2013 VCE SPECIALIST MATHEMATICS

15. Let u=4i—j+k, v=3j+3k and w = —41+j+k. Which one of the following
statements is not true?

Juf = [—w] (B) (u+w)-y=12
(C) u, v and w are linearly dependent

Note: A set of vectors is said to be linearly dependent if at least one of the
vectors in the set can be defined as a linear combination of the others, i.e. If
riu + rov + rsw = 0 for some 71,79, 73 € R, where at least one of ry, 79,73 is
non-zero.

7.8.3 Paper 2 Section 2
Question 4

V3
Let a = — {i—i—l—Q}gandhzl—i—ﬁl—i—?ﬁ}g.
(a)  Find a unit vector in the direction of b. 1
(b) Resolve a into two vector components, one that is parallel to b and one that 3

is perpendicular to b.

2
(c) Find the value of m such that ¢ =mi+ j — 2k makes an angle of ?ﬂ with b 2

and where ¢ # a.
(d) Find the angle, in degrees, that ¢ makes with a, correct to one decimal place. 2

(e)  For the triangle ABC shown below, the midpoints of the sides are the points
M,N and P. LetAC'—uandCB—v

B
N
M
C
A P
i. Express AN in terms of u and v. 1
ii. Express CM and BP in terms of u and v. 2
iii. Hence, simplify the expression AN +CM + BP. 1
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PAST EXAMINATION QUESTIONS — 2014 VCE SPECIALIST MATHEMATICS 59

7.9 2014 VCE Specialist Mathematics

7.9.1 Paper1

Question 1

Consider the vector v/3i—j— v/2k, where i, j and k are unit vectors in the positive
directions of the x, y and z axes respectively.

(a)  Find the unit vector in the direction of a. 1
(b)  Find the acute angle that a makes with the positive direction of the z-axis. 2
(c)  The vector b = 2v/3i + mj — 5k. Given that b is perpendicular to a, find 2

the value of m.

7.9.2 Paper 2 Section 1

15. If 0 is the angle between a = \/gjv—i—lli—lgand]g:i—éll%—\/g}g, then cos 26 is 1
4 7 7 14 24
A) — B) — —— D) — E) ——
A -z By (O - O B -
16. Two vectors are given by a = 4i+mj — 3k and b = =21+ nj — k, where 1

m,n € RT. If }@} = 10 and a is perpendicular to b, then m and n respectively
are

(A) 5V/3, \/g (C) —5v/3, V3 (E) 5,1

(B) 5v3, V3 D) Va3, 28
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60 PAST EXAMINATION QUESTIONS — 2015 VCE SPECIALIST MATHEMATICS

7.9.3 Paper 2 Section 2

Question 3

Leta=3i+2j+kandb=2i-2j—k

(a) Express a as the sum of two vector resolutes, one of which is parallel to b 5

and the other of which is perpendicular to b. Identify clearly the parallel
vector resolute and the perpendicular vector resolute.

(b)  OABC is a paralleogram where D is_the midpoint of CB. OB and AD
intersect at point P. Let OA = a and OC = C.

C D B
0 4
i. Given that AP = ozA—D), write an expression for AP in terms of a,a 2
and c.
ii. Given that OP = ﬁO—B) , write another expression for AP in terms of B, 1
a and c.
iii. Hence deduce the values of o and S. 2

7.10 2015 VCE Specialist Mathematics

7.10.1 Paper 1

Question 1

Consider the thombus OABC shown below, where O_A) = ai and 0C = i+j+k,
and a is a positive real constant.

/7

(a)  Find a. 1

(b) Show that the diagonals of the rhombus OABC' are perpendicular. 2
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PAST EXAMINATION QUESTIONS — 2016 VCE SPECIALIST MATHEMATICS 61

7.10.2 Paper 2 Section 1
17. Points A, B and C' have position vectors a = 2i+j, b=3i—jand ¢ = —3j+k
respectively. The cosine of angle ABC' is equal to
5 7 1 7 2
A B C) — D) — E) —
Wwemw P s 9w P s P s

7.10.3 Paper 2 Section 2

Question 4

The position vector r(t), from origin O, of a model helicopter ¢ seconds after leaving
the ground is given by

mt it 2t
= T+ — + —]j+—=k
1(t) (50 25 cos 30) (50 25sin 30> J 5 £

where i is a unit vector to the east, j is a unit vector to the north and k is a unit
vector vertically up. Displacement components are measured in metres.

(a) Find in time, in seconds, required for the helicopter to gain an altitude of 1
60m.

(b)  Find the angle of elevation from O of the helicopter when it is at an altitude 2
of 60m. Give your answer in degrees, correct to the nearest degree.

(¢)  After how many seconds will the helicopter first be directly above the point 1
of take-off?

(d) @ Show that the velocity of the helicopter is perpendicular to its 3
acceleration.

(e) @ Find the speed of the helicopter in ms™!, giving your answer correct to 2
two decimal places.

(f) A treetop has position vector r = 601+ 40j + 8k. Find the distance of the 3

helicopter from the treetop after it has been travelling for 45 seconds. Give
your answer in metres, correct to one decimal place.

7.11 2016 VCE Specialist Mathematics

7.11.1 Paper 2 Section 1

11. Leta=3i+2j+akandb=4i—j+ a?k, where « is a real constant. If the 1
4
scalar projection of a in the direction of b is 575" then a equals
(A) 1 (B) 2 () 3 (D) 4 (E) 5
12. If a = —2i— j+ 3k and b = —mi+ j+ 2k, where m is a real constant, the 1

vector a — b will be perpendicular to vector b where m equals

(A) 0 only (B) 2 only (C) 0or2 (D) 4.5 (E) 0or —2
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62 PAST EXAMINATION QUESTIONS — 2018 VCE SPECIALIST MATHEMATICS

7.12 2016 WACE Mathematics Specialist

7.12.1 Calculator free

Question 7

4 0
Points A and B have respective position vectors | 0 | and [ —2

3 5
(a)  Determine the vector equation for the sphere that has AB as its diameter. 3
(b) If point O is the origin, consider the plane that contains the vectors OA and 4

OB.

Determine the vector equation for this plane in the form

r-n==«

7.13 2017 VCE Specialist Mathematics

7.13.1 Paper 1

Question 5

Relative to a fixed origin, the points B,C' and D are defined respectively by the 4
position vectors b =i—j+2kc=2i—j+kandd =ai—2j+ k, wherea is a
real constant.

Given that the magnitude of ZBCD is g, find a.

7.14 2018 VCE Specialist Mathematics

7.14.1 Paper 2 Section 1

14. The scalar projection of a = 31— 2k in the direction of b = -1+ 2j + 3k is 1
9v13 9v14 V14
W= © == ) =5

(B) i (-i+2j+3k) (D) —= (312K
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PAST EXAMINATION QUESTIONS — 2019 VCE SPECIALIST MATHEMATICS

63

7.15 2019 VCE Specialist Mathematics

7.15.1 Paper 2 Section 1

12.

The vector projection of i+ j —k in the direction of mi+nj+pkis 2i—3j+Kk,
where m,n and p are real constants. The values of m,n and p can be found by
solving the equations

m(m +n —p) n(m+n —p)

(A) =2, :_3andfw:1
m2+n2+p2 m2+n2+p2 m2+n2+p2

m(m +mn —p) n(m—+n—p) p(m+n—p)

(B) =1, —land —————~ = —1

m? +n? + p? m? + n? + p? m2+n?+p?

(C) m+n—p=6,m+n—p=-9andm+n—p=—3
(D) m+n—p=3m,m+n—p=3nand m+n—p=—3p

(E) m+n—p=2V3, m+n—p=-3yV3andm+n—p=+/3

7.15.2 Paper 2 Section 2

Question 4

The base of a pyramid is the parallelogram ABCD with vertices at points
A(2,-1,3), B(4,-2,1), C(a,b,c) and D(4,3,—1). The apex (top) of the pyramid
is located at P(4,—4,9).

Find the values of a,b and c.

Find the cosine of the angle between the vectors AB and AD.

Find the area of the base of the pyramid.

Show that 61+ 2j+ 5Kk is perpendicular to both AB and 1—4—13, and hence find
a unit vector that is perpendicular to the base of the pyramid.

Find the volume of the pyramid.
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Measurement Financial Mathematics
Length A=P(l+r)
[ = i X 27r
360
Sequences and series
Area
Azixm’z ];1=a+(n—l)d
360
h n n
A=5(a+b) Sn=5[2a+(n—1)d]=z(a+l)
Surface area T =ar"!
A =21r% + 27rh
all=r") alr"-1
A = 4nr? S = ( )= ( ),r¢1
n 1-r r—1
Volume
v="Lan S=q i<
3
V=—m
3
Functions Logarithmic and Exponential Functions
2
‘= —bi\/s —4ac loguaxzxzalog“x
a

For ax> +bx’> +cx +d = 0:
a+ﬂ+y=—g

¢

aﬂ+a}/+ﬁy=5
and aﬁyz—g

Relations
(x—h)2+(y—k)2=r2




Trigonometric Functions Statistical Analysis

SinA = OPP, COSA = ;ﬂ, tanA = % X - U An outlier is a score
1 yp yp ad T less than @, — 1.5 X IOR
. or
A= Eab sin€ Nyl | more than Q + 1.5 X IOR
a b c
== L.
sinA  sinB  sinC 1 Normal distribution

2 =d®+b*=2abcosC

a+ b -c?
cosC = T 30°
a
2 V3
[=r6
A= %rze /60° O z
1
X . " e approximately 68% of scores have
Trigonometric identities
z-scores between -1 and 1
SecA = cosA#0 e approximately 95% of scores have
cosA’ z-scores between -2 and 2
A= 1 inA 20 e approximately 99.7% of scores have
coseeA=Gna " * z-scores between -3 and 3
A .
cotA=C9s , sinA #0 EX)=pu
sin A
_ 2] _ 2 2
cos?x + sin“x = 1 Var(X) = E[(X — 1) ] - E(X ) —H
Compound angles Probability
sin(A + B) = sinAcos B + cos Asin B P(ANB) =P(A)P(B)
cos(A + B) = cosAcos B — sinAsin B P(AUB)=P(A)+ P(B)- P(ANB)
tanA + tan B P(A N B)
tan(A + B) =—— P(A|B)=———=, P(B)#0
( ) 1—-tanAtan B (418) P(B) (5)
A . 2t . .
If t=tan— then sinA = Continuous random variables
2 1+ x
2
— P(X<x)= d
cosn = ot (X <x) Jf(X)x
1+ 12 a
2t b
tanA=1 2 Pla<X<b)=| f(x)dx
a

1
cosAcosB = E[COS(A — B) + cos(A + B)] Binomial distribution

sinAsinB = %[COS(A —B) —cos(A + B)] P(X=r)= nCrPr(l -p)""
1 X ~ Bin(n, p)
sinAcos B = E[sm(A + B) +sin(4 - B)] & P(x=x)
n -
cosAsinB = %[sin(A +B) —sin(A - B)] = (X)Px(l -p)' T x=0,1,...,n
sin?nx = %(l — cos 2nx) E(X) =np

Var(X) = np(1-p)

cos’nx = %(1 + cos 2nx)




Differential Calculus

Function

y=f(x)"

y = g(u) where u= f(x)

y =sin f(x)
y = cos f(x)
y=tan f(x)
y=e/

y=1Inf(x)
y=a/®

y=log, f(x)

y=sin"! £(x)

y=cos f(x)

y=tan” f(x)

Derivative

d n—
d—§=nf'(x)[f(x)] !

dy dv du
—=u—+v—
dx dx dx
dy_dy du
dx du dx
du dv
V——Uu—
dy dx dx
dx V2
d ,
= fr(x)cos f(x)
dx

? = —f/(x)sin £(x)
X

D _ preysec? £(x)
dx

dy _ F(x)e’™)

dx
dy_ £
dx  f(x)

D~ (1na) f(x)a’ )
dx

dy_ )
dx ~ (na) f(x)

dy_ )
dx 1- [f(x)]Z
&y _ W

dx 1— [f(x)]2

dy _ /()
dx  14[f(0)]

Integral Calculus

Jf/(x)[f(x)]"dx = L[f(x)]nﬂ ‘e

n+1

where n #—1

r~

J(x)sin f(x)dx =—cos f(x)+¢

r

S(x)cos f(x)dx =sin f(x)+c

f(x)sec? £(x)dx = tan f£(x)+ ¢

r~

f'(x)ef(x)dx =W

) %dx =1In| £(x)|+¢

( S(x)
F(x)a’ D dx = a
Ina

+c

O
J az—[f(x)]2

71M+c

dx = sin

r~

7f’(x) dx = ltan_1
J +[f(x)]2 a

.
uﬂdxzuv— vﬂdx
dx dx

S(x)dx

Joa

:b;f{fw)+f00+2ﬂﬂx0+u'

where a =x, and b =x,

+f(

-1

)]




Combinatorics

= (n i!r)!
o)

rl(n—r)!

n

x+a)'=x"+
(ray=v "

_ n\ -
)x" 1a+~~~+( )x” "a"+ -

Vectors
|lg|=‘x£+yz‘=\lx2+y2

w-y=|ullv|eosd =xx, +y,y,.
where u = x1£'+yll'

and y:x2£+yzz

r=a+A

1

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'®
[r(cosH + isin 0)]" = r"(cosn@ + isinnd)

— rnezne

Mechanics

d dv _ dv d (1 2)
7 =—=y—=—|—V
dr- dt dx dx\2

X = acos(nt+ O’) +c
x=asin(nt+a) +c

X= —n2(x -c)
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